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ABSTRACT: In present work, we prove some fixed point theorems which satisfy the new contractive
condition on the Partial Cone b-Metric Space with normal cone. These theorems are an extension of work
proved by Lu Shi and Shaoyuan Xu in the paper —A common unique fixed point theorem for two weakly
compatible self-mapping on cone b-metric space published in Fixed Point Theory and Application, v.1, N.20,

2013, pp.1-11.
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I. INTRODUCTION

Theory of fixed point plays an important role in various
disciplines. This theory has been received more
attention because of its broad applications in area of
applied as well as in pure mathematics. Theory of the
fixed point is a major tool to find the solution of
existence and uniqueness. A mathematician Banach [1]
proved a theorem named Banach Contraction Principle
in 1922, which ensures the suitable conditions for
uniqueness and existence of fixed points. The
generalization of usual metric space named as the b-
metric space which was presented by Bakhtin [2] and
Czerwik [3] in 1989.

Steve G Matthew [4] proposed the partial metric space
in 1994 and proved Banach contraction theorem under
the conditions of partial metric space.

Huang and Zhang [5] proposed a cone metric space in
2007. This is generalisation of metric space. In this type
of metric space, distance between the two elements m
and n is defined over a vector in the Banach space E
whereas the distance of two elements is a non negative
real number. Recently, in the cone metric space
existence of fixed point is considered [6-9]. The
generalization of cone and partial metric space was
proposed by Ayse Sonmez [10] in 2011 as partial cone
metric space. Hussain and Shah [11] established the of
cone b-metric space idea in 2011, which is the
combined form of the b-metric and cone metric space.
Some results were given by Huang and Xu [12] on basis
of cone b-metric spaces for contractive mappings.

In 2014, Satish Shukla [13] proposed the partial b-metric
space and by using Kannan type mapping, Banach
Contraction theorem was proved under partial b-metric
space conditions.

Very recently in 2016, Fernandez et al., [14] proposed
the idea of partial b-cone metric space which is a
generalization of cone, b-metric and partial metric
space. In the present work, we prove some new fixed
point theorems for partial cone b-metric space under
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new contractive condition for single as well as for pair of
weakly compatible mapping.

Definition 1.1 [22] Let F be the subset of real Banach
space E. Let 8 is represented as the zero element of E
and interior F by the int. F. Then subset F is known as
cone iff

(i) F # ¢, closed and F # {6};

(i) mneRmn=0, i,k € F=>mi+nk€F,

(iii) Fn(—F) ={6}

On this basis, a relation < w.rt. F is defined byi <
kwhich is partial order relation iff k—ieF. To
indicate i < k we writei < kbut wheni# k,theni <k
indicates the k — i € int F. Write norm as || .|| on E then
F is known as the normal cone if there is a number
L>0 st VikeE6<i<kimplies that|i] <L|kl.
The least positive number L satisfying the above is
known as the normal constant of F where L > 1.
We know that cone F in Banach space E with int F #= @
and < is a partial order relation w. r. t. F.
Definition 1.2 [15] Let Y+ @ and a function d'.:Y XY —
E is known as the cone metric when it satisfied the
below conditions:

(i) 6<d. (m',n')vm',n'€ey

(ii) d'c(m',n,)=0iff my' =n,’

(iif) d'c(my',ny) =d'c(ny",my")

(iv) d'c(my',0,") < [d'c(my/ ) +d'c(my',0,0]
v my',n,0,' €Y
Then the pair (Y,d’'.) is known as the cone metric space.
Definition 1.3 [22] Let Y= ¢ and t is a non-zero +ve
real number. A function d'.,:Y X Y - E is known as the
cone b-metric when it satisfies the following axioms:

(i) 0<d pr rn)Yvnrn,rney

(ii) d'ep(r', ) =0iffr' =1

(iif) d'ep(r'm) =d' o (12',11")
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(iv) d' op(r,13") < tld' op (1) + d' o (", 130]

vV ey

Then, the pair (Y,d'.,) is known as the cone b-metric
space.

Definition 1.4 [15] Let Y+ @ and a function d',:Y XY -
R*is partial-metric when it satisfies the below conditions:

() n=ned,mn)=d,yn"n") =
d'p(ry", ")

(i) dpmn)<d,n"n")

(i) ) = dy )

(V) ) S dp )+ d ()

—d'p (1", 73")
Then the pair (Y,d’,) is known as the partial metric
space.

Definition 1.5 [21] Let Y #= @ and t be a +ve integer. A
function d',,:Y XY — R*is known as partial b-metric
when it satisfies the following axioms: V £,", ", ;" €Y

(i) L'=f"e d’pb(fl”rfl”) = d’pb(fl”rfz”) =

d'op (2" )

(ii) d'pp A < d (A" )

(iif) d’pb(ﬁ”rfz”) = d’pb(fz”rﬁ”)

(iv) d’pb(fl”rf3”)+d,pb(f2”rf2”) <

t[d,pb(fl”rfz”) + d’pb(fz”rf3”)] ;

Then the pair (Y,d’,,;) is partial b-metric space.
Definition 1.6 [15] Let Y= @ and a function d',.:Y X

Y — E known as the partial cone metric when it satisfies
the below axioms:

(i) e =fi' ® d’pc(efref) = d’pc(e1’rf1’) =

dpcA i) Ve fi' €Y
(ii) 0 <dp(er,e)) <d'peler. i)
(iif) d’pc(elrrflr) = d’pc(fl,relr)
’ ’ d (elrrflr) +

V) dpe(e g+ d e () s[ AR

(iv) pc\€1,91 pc(fl fi) dpc(flrgl)
s Velg' fi €Y
Then (Y,d',) is known as partial cone metric space.
Theorem 1.1 [10] Let (X,d',.) is partial cone metric
space and F is the normal cone with constant L. Leta
sequence {w,} for X. Then {w,} converge to x iff
d’pc(Wer) - d’pc(Wr w)asz -
Sonmez [10] also mentioned that if (X,d",) is the partial
cone metric space and normal cone F with normal
constant L and d' pewz,w) = d'pe(w,w) asz -
oo,then d'pcw,, w,) = d'pc (W, w).
Definition 1.7 [14] Let Y# @ and t =+ 0. Define a
function d',.,:Y XY — E'is partial cone b-metric when it
satisfies the below conditions:
0< d,pcb(fl*rfl*) < d,pcb(fl*rfz*) H Vf1*rf2* ey

® A =f"edp(i"AD)=dwh" ")
= d’pb(fz*rfz*)
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(ii) d,pcb(fl*rfz*) = d,pcb(fz*rfl*)
d,pcb(fl*rfz*) +
d,pcb(fz*'f;)

—d'er () VALEL T EY

(iii) dpe (i )<t

Then (Y,d'cp) be the partial cone b-metric space and it
is the generalisation of b-metric, cone metric and partial
metric space.

Definition 1.8 [14] Let(Y,d’,;) is partial cone b-metric
space and a sequence {y,, }is known as convergent in Y
and yeY if for everyc€eF, there is a +ve integer
N, d per O ¥) K c+d',e, (v,y)  then  sequence {y,}
converges to y and this point is known as limit point of
sequence {y,} and it is represented as lim,,_.{y,.} = y.
Definition 1.9 [14] Let a partial cone b-metric space
(Y,d'pcp) and a sequence {y,} is known as the Cauchy
sequence if there s a € F suchthat forevery € >
0, thereis

||d’pcb(yn,ym) —a|| < € when m,n - oo.

Definition 2.0 [14] Let (Y,d',.) be the partial cone b-
metric space then it is called as complete if every
Cauchy sequence converges in this space.

Il. MAIN RESULT

In this portion, the main purpose is to show some fixed
point theorems for single as well as for the pair of
weakly compatible mapping on partial cone b-metric
space.

Example 2.1 LetE =R, F={{g,"}€E: g, 20,Vvn=
1}. Let a function d'pc,:Y XY - E is defined by
d' per (9", h") = X1, (1gn" — s IP)*/P. Now we conclude
that (Y,d',.,) be the partial cone b-metric space
wherep > 1.

m
d,pcb(g*rh*) = Z(lgn* - hn*lp)l/p
n=1

(l) |gn* - hn*l =0
|gn* _hn |p =0

m 1
Z(lgn* - hn*lp); =0
n=1

d'pep(g"h") =0
When we take g,,* = h,,”
Then, we get |g,* —g.*1 =0

[gn" —gn"IP 26

m 1
S e~ gaP2 > 0
n=1
d’pcb(g*rg*) =0
S0,0 <d'pep(g",9") < d'per (g, 1)

(”) g* =h e d*pcb(g*'g*) = d*pcb(g*'h) = d’pcb(h'*' h*)

m m
D lgn = gn I = ) (lga” = ha' PP
n=1 n=1
m
= hy =y Py
n=1

m
0= (lga’ —ha' )7 =0
n=1
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(gn" = ')/ = 8
|gn’ =" =0
S gn" =hy
JRg
(ii)) d'pep(g"h") = Znii(lgn” — ha"[P)Y/P
n
= D C=hy" + g

n=1
m

= D (k" =g )P
n=1

= d’pcb(h*rg*)
(iv) Letg* h*,i* €Y then,

m
@pen("h) = ) (Ign” = ' IPIH?
n=1

Since, (r** +s™)P < 2max(r*,s*)P < 2P(|r|P +
[s*|P)V r*,s** =0
Letm* = (g,* +i,," —i,*) and g, — h,," = m™ +n**
Then, (g™ — hy"DP < (Im™ + n™ )P

< (Im™| + In™])P

< 2p (Z|m**|p +Z|n**|p)
<2p (Z|m**|p +Z|n**|p)
1
< (zpz [m™|P + zpz ™ Py’

< (Zp Zlgn* + in* - in*lp
+2P Zun* — iy
1
- hn |p)p
< (zszgn* T T
1

— hn*|p)P
m 1
<2 [Z(lgn*—in*lpﬁ
n=1
- 1
£ i’ = hy PP
n=1

m 1
B Z(lin* - in*lp);}
n=1

< 2? [d,pcb(g*ri*) + d,pcb(i*r h*)
- d’pcb(i*ri*)]
Asp=1

TR

< 2P[d'pep (g7, 1) + d' pep (i, 1))
- d’pcb(i*ri*)

Since, all conditions of partial cone b-metric space have
been satisfied. So (Y,d',,) is a partial cone b-metric
space.
Example 22 : Let E=R?and F={(h,h")€
E;h", hy," € R} and Y = R then a function d’,,¢p: YxY —
E by
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d'pep(y ", hy") = max {h;",h,"}. Now we conclude that
(Y,d'pcp) is partial cone b-metric space.
Proof: Let (Y,d’pd,) is a partial cone b-metric space
with coefficient t > 1. Leth,", h,", h3™ € Y be an arbitrary
point, then
(i) d'pep(ha" hy") = max {hy ", h,"}
max {h,",h,"} > 8

max {h,",h,"} =0
then, 6 < d’pe(hy" hy") < d'pep(hy " oY)

(if) d'pep(hy",hy") = max{h,",h,"}
dpep (hy" hy) = d' ey (hy ', hy") = d' ey (hy", hy )
< h" =hy"

max{h;", h;"} = maxth,", h, "} = max {h;", h,"}
hy" = maxthy", by} = hy"
S h =hy

(iii) d'pep(hy" hy") = max {hy", by}
=max {h,", h; "}

= d’pcb(hz*rhl*)
(iv) d'pep(hy” hs™) = max {h;",h3"}

= max{h,", h3"} + max{h,", h,"} — max {h,", h,"}

< max{h,", h,"} + max{h,", h;"} — max{h,", h,"}

< t[max{h;", h,"} + max{h,", h;"} — max{h,", h,"}]
[sincet = 1]
< t[max{h;,", h,"} + max{h,", h3"}] — max{h,", h,"}

< t[d’pcb(hl*rhz*) + d,pcb(hz*rh;)] - d’pcb(hz*rhz*)
Therefore, all four conditions are satisfied and so
(Y.d'pcp) is @ partial cone b-metric space.
Theorem 2.1 let (W,d',.,) is partial cone b-metric
space with constantt > 1 and F is the normal cone and
W is a self-mapping W:Y - Y and 1 € [ﬁ 1) such that
d,pcb(Wp*qu*) <

d,pcb(p*rwp*)rd’pcb(q*rWq*)r
Amax d,pcb(p*' Wq*) + d,pcb(q*rwp*)
2t

Vp,q €Y
Then W has a common unique fixed point.
Proof: We start with initial point ky in Y s. t.,

ko # W (ko)
Then we construct a sequence {ks}in Y, we get
ky=Wko, ky = Wky, ks = Wk, ........ kopr = Wk

d,pcb(ksr ks+1) = d,pcb (Wks—1r Wks)

d,pcb (ks—lr Wks—l)r d,pcb (ksr Wks)r
< Amaxyd'pep(ksog, Wke) + d' pep (ks, Whs_1)
2t
d,pcb (ks—lr ks)r d’pcb (ksr ks+1)r
< Amax d’pcb(ks—lr ks+1) + d,pcb(ksr ks)
2t
( d,pcb(ks—lr ks)r d,pcb (ksr kS+1)r ]
td’pcb(ks—lr ks) + td,pcb (ksrks+1) }
_d,pcb(ksr ks) + d,pcb (ksr ks)
2t

< Amax
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d,pcb(ks—p ks)r d’pcb(ksr k5+1)r

d’pcb(ks—lr ks) + d,pcb (ksr ks+1)
2

d,pcb (ks kesy1) < 2 max{d,pcb (es—1, ks), d,pcb (ks ksr )}
if max{d’pcb (ks_1, k), d,pcb (ks kegir)} = d,pcb (ks kesr1)
then  d'pep (ks kosr) < Ad'pep(hs koyy) 1t is 2
contradiction,
then1 d,pcb(ksrks+1) < Ad’pcb (ks—lr ks)

< Azd,pcb(ks—Zr ks—l)
Similarly, we get
d,pcb (ksr ks+1) < Asd’pcb(kOr kl)
Now we show that d’,., (ks ks) =6
d,pcb (ksr ks) = d,pcb (Wks—1r Wks—l)

< Amax

d,pcb (ks—1r Wk5_1), d,pcb (ks—1r WkS—l)r
< Amax d’pcb(ks—p Wks—l) + d,pcb (ks—1r Wks—l)
2t

d,pcb (ks—lr ks)r d,pcb(ks—b ks)r
d’pcb(ks—lr ks) + d,pcb(ks—lr ks)
2t
<1 max{d,pcb (ks—lr ks)r d,pcb (ks—lr ks)}
801 d’pcb(ksrks) < Asd’pcb(korkl)
As we take limit s — oo, we get
d’pcb(ksrks) =0
Now, let r and s be two positive integers, r < s
d’pcb(krrks) < t[d’pcb(krrkr+1) + d,pcb(kr+1r ks)]
_d,pcb(kr+1r kr+1)
d’pcb(krr ks) < td’pcb(krr kr+1)
+t2d’pcb(kr+1r kr+2) +
+ts_rd’pcb(ks 1 s)
tATd pep (o, kq) + ]
| Ar+1d’pcb(k0rk1) + |
|

< Amax

&’ ey (ky ko) <

[esmas1ar ,,cbaco, ky)

1+tA+t22%

dperllop k) < e[ | PO T k)

r

A
jd,pcb(kmlﬁ)

d’pcb(krr ks) < 1

! tﬂ'r ’
d pcb(krrks) < md pcb(kork1)
Since F is a normal cone.
Therefore, ||d"pcp ey ks || <
fas r— o
As d'pep(ky k) > B asr,s —>
Hence, sequence {k,}is Cauchy sequence in Y.
By completeness, there exist a point a* which belongs
toY.
Since, {k,} converge to a* as s » o
‘!l_gg d’pcb(ksra*) = d’pcb(a*ra*) = }Eg d’pcb(ksrks) =0
Now, we need to proof that a* be the fixed point of W.
d' pep(@”, Wa™) < td' e (a”, Wky)

+td' pep (Whks, Wa™)

_d,pcb(Wkerks)
d' pep(a”, Wa™) < td'yep(a”,Wky)
d’pcb(ksrWks)rd,pcb(a*rwa*)r
d’pcb(ksrwa*) + d,pcb (C{*, Wks)

2t

pcb (ko, k1) -

+Amax
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d’pcb(a*rwa*) < td,pcb(a*rk5+1)
d’pcb(ksrks+1)rd’pcb(a*r Wa™),
+Amaxq§d' e (@, Wa™) + d' pep(a”, a”)
2t
d' pep (@, Wa™) < td',ep(a” kgiq) + Ad pep (™, Wa™)
d’pcb(a*r Wa*) < Ad,pcb(a*r Wa*)

(1 —A)d’pcb(a*,Wa*) <6
d' pep(a”, Wa™) =6 ass — o
So,Wa*=a*

Hence,a™ is fixed point of W.
Now, we show uniqueness
Let g~ is another common fixed point of W.
So, B* =Wwpg*
Then,d',cp(a*, ) = d'popy (Wa™, W)
d’pcb(a*r Wa”), d,pcb(ﬁ*'Wﬁ*)r
d’pcb(a*rwﬁ*) + d’pcb(ﬁ*rwa*)
2t
d’pcb(a*ra*)rd’pcb(ﬁ*rﬁ*)r
d’pcb(a*rﬁ*) < Amax d’pcb(a*rﬁ*) + d’pcb(ﬁ*ra*)
2t
d’pcb(a*r a*)rd’pcb(ﬁ*'ﬁ*)r
2 d’pcb(a*rﬁ*)
2t

d' pep(a”,7) < Amax

d'pep(a”, ) < Amax

d’pcb(a*rﬁ*) < AM

A
(1) @prss
t pcb
d’pcb(a*rﬁ*) =0

implies a*=p"

Hence, a* is the common unique fixed point of W.
Example 2.3 Let E = R* and (W,d' ;) be the complete
partial cone b-metrics space and coefficientt > 1 and

Ae [i 1). Then function defined by W: X - E

5
-3 if r"e (—o0,—1)
W) = 1
—3 if r'e[—1,0)
and d' ., (r*,8*) = max{r*,s*}
Proof : By inequality of above theorem
d’pcb(WT*rWS*)
A pep (", Wr™), d' ey (57, Ws™),
< Amax{d' e, (", Ws™) + d',ep (5™, Wr™)
2t

Then, letr* = —5; and

oo (-5 (-3)

< Amax
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, 5 1
Trer(~3 73
(4 5 5y 1 1
<2 {d””’( 3’ 3)' ”C”(_E' 2)}
< Amax{ , 5 1 , 1 5
@per (=5 73) + den (=5.=5)
{ 2t
( 5 1
o 3(' 5 s 1 1))
. Imax( 3 3>,max( 2 2>r|}
<S Amax 1 1 5
(-%-3) +max(-3.-%)
2t )
1 1
<2 5 17377
<S Amax 3, 2, ot
5 1 -1
__S’lmax{ 3’ 2'7}
1<
2=t

So, the above inequality satisfied by t>1andle
1

41’ )"

i 1)

Theorem 22 Let P and Q be the two self-
mappings P,Q:Y —» Y and (Y, d',.) is partial cone b-
metric space with t>1and normal cone F and
1€l51) st

t+1

(i) Q(Y) < P(Y)and the closed subset of Y is
P(Y

(ii) Pair (P, Q) be the weakly compatible mapping.

o @'pes (P, 09) +
) dpe@xonsa 2 o

azd’ ey (Px,Qx) + azd’ e, (PY, Qy) VX, yEY

and 2a, + a,+a; < 1 for some constants a,, a,,and a;.
Then, P and Q have a unique common fixed point.
Proof: Let y,is any point in Y and then we can choose
a point y; of Y s.t.
xo = Qo) =P(yy) and x; = Q(y1) = P(¥2)
In general, there 3 a sequence {x,} such that,
Xs = Q(s) = P(Ys41) fors=10,1,2 ...
Now, we show that {x,} is a cauchy sequence.
Now, d’pcb(xs rxs+1) = d,pcb(str QYs+1 )
=< al[d,pcb(Pysr st+1) + d’pcb(strPys+1)]
+a2d,pcb(Pysr st)
+a3d’pcb(Pys+1r st+1)
<a [d’pcb(xs—lrxs+1) + d,pcb (xsrxs)]
+a2d,pcb(xs—1rxs)
+a3d,pcb(xsrxs+1)
< a [td’pcb(xs—lrxs) + td’pcb(xsrxs+1)
_d,pcb (xsrxs) + d’pcb(xsrxs)
ta,d(xs_1, %)
+a3d,pcb(xsrxs+1)
td’pcb(xs—lrxs) +
- 1[ td’pcb(xsrxs+1)
+a2d,pcb(xs—1rxs)
+a3d,pcb(xsrxs+1)
< (tal + az)d,pcb(xs—lrxs)
+(ta; + a3)d’pcb(xsrxs+1)
{1—(ta, + a3)}d’pcb (%5, X541)
< (tal + aZ) d,pcb(xs—lrxs)
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(tay+ ay)
! < l—-
d pcb(xs'xs+1) = [{1 _ (ta1 + a3)}
d’pcb(xsrxs+1) <1 d,pcb (xs—lrxs)

_ (ta;+ay)
where 1 = [{1—<m1+a3)}

d’pcb(xsrxs+1) <2 d,pcb (xs—lr xs)
< Azd’pcb(xs—zrxs—ﬂ
Similarly, we get
d’pcb(xsrxs+1) < Asd’pcb(xmxl)
Let r and s be two positive integers, r < s
then,
d’pcb(xrrxs) < t[d’pcb(xrrxr+1) + d,pcb(xr+1rxs)]
_d’pcb(xr+1rxr+1)
d’pcb(xrrxs) < td,pcb(xrrxr+1) + tzd’pcb(xr+1rxr+2)
o 5T o (g, X)
_d,pcb Gerpr Xrp1) — d,pcb(xr+2r Xr42)
=i — @ pep (X1, Xs21)
d’pcb(xrrxs) < [t/lrd,pcb(xorxl) + tz/lr+1d,pcb(x0rx1)

d,pcb (xs—lr xs)

o + AN e (%0, %1)]
s—r—1
- Z d,pcb(xr+mrxr+m)
m=1
1+tA+
t22% +

d’ pep (X, X5) < LA d' yep (g, %1)

tS—T—lAS—T—l
s—-r—1

- Z d,pcb (xr+mr xr+m)
m=1
r

t
d'pep (X, %) < 11t d’ pep (X0, x1)

s—r—1
!
- Z d pcb(xr+mrxr+m)
m=1

Now we show that d'p,c, (x5, x5) = 6

A’ pep (x5, x5) = d' pep(QYs, QYs)

d’ pen (PYs, Qys) +
d’pcb(strPys)
+a2d,pcb(Pysr st)
+a3d’pcb(Pyerys)

' pep (X5, x5) < ai[d’pcb(xs_1,xs) + d’pcb(xs,xs_i)]

+a,d pep(Xs—1, Xs)
+ a3d’pcb (xg-1, %)
d'pep (x5, x5) < 2a1[d’pcb(xs,xs_1)]
+a,d’ pep(Xs—1, Xs)
+a3d’pcb(xs_1,xs)

A’ pep (X5, x5) < (2ay + ay +az)d’ ep(Xs_1, X5)
A’ pep (x5, x5) < A3 pep (X0, %1)

By taking limit s — oo

Then, we get
d’pcb(xs,xs) =6

where A = 2a, +a, +a;

Hence, ll_fg It 4 peb Krim Xr4m) = 6

r

- d’pcb(xrrxs) < md’pcb(xm)ﬁ)

Since F is normal cone.

”d’pcb(xrrxs)” < J_L;Ltd,pcb(xmxl) d

d,pcb (x5, x5) < a4

Therefore,

fas r— oo
As d’ X, X;) > 0asr,s > ©
pcb\Arrts
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implies d'pcp (%7, x5) = 6 asr,s - o
Hence, sequence {x;}is a Cauchy sequence in Y.
By completeness, there exist a point " which belongs
to.
Since, {x,} converges tou™" as s— o
Therefore limg_,o, x5 = limg_, o QY5 = limg_,oo Pyssq = U
}Lrg d’pcb(xsrﬁ**) = d’pcb(ﬁ**rﬁ**) = ggg d,pcb(xsrxs)
=6
Since, P(Y) is closed, then there exist ™" which belongs
to.
such that, Pv™ =u™
Now, we show that Qv™" =u"™"
d,pcb(xsr QEM) = d,pcb(str QEM)
d’pcb(ﬁ**,Qa**) < a d pcb(Pysr QU_*)* +
d,pcb(strPU )
+a2d,pcb(Pysr st)
+ azd’ e, (PV7,QV")
d'per(W,Q07) < a1d’ pep (U, QV")
+azd e (@, Q07)
1-a;—az)d pop(@",Q07) < 6
de(@”,Qv7) =0

—kx

d’pcb(u ,Qﬁ**) <a

—kk —k*
d’pcb (u B ) <aq

Since, pair (P,Q) is weakly compatible mapping.
PQv"" = QPT"”
= Pu
Now, show that Qu** =u"".
As d’pcb(Pys+1r Qu ) = d,pcb(QySrQﬁ**)
d (@, 0u") <a i
pcb( ) ! d,pcb(QySrPu
+azd per(Pu™,Qu"™)
d’pcb(ﬁ**,Qﬁ**) +
d,pcb(u rQﬁ**
+ayd e (W, 1)
d'pep(T7,QU™) < 2ayd" ey (W, Q)
T QT < 8
=d T u") =0
Similarly, we get, Pu™ = u
So, u™ is common fixed point of P and Q two self
mappings.
Let another fixed point ¥ "of P and Q.
therefore, B =PB =Qf
d'yer (PT,QF )
+d,pcb (Qﬁ**,P[_?M)
+a3d,pcb (P/_; rQE )
d’pep (ﬁ**,/_} ) Sq [d,pcb (ﬁ**,/_} ) +d'pep (ﬁ**,/_} )]

So, Q7" = 7
T = ou
d,pcb(Pysr Qll. +
+a2d,pcb(Pysr st)
+azd’ pep (QU™,Qu™)
(1 - Zal)d’pcb (u—
ou” =u
= U =Pu" =Qu
Now, we show uniqueness:
Then,d’pe, (T8 ) = d'pes (02,08 )
+ayd' per(Pu™,Qu"™)
+a2d,pcb(ﬁ**,ﬁ**)

Chauhan & Nandal

+ a3d,pcb (/_3**'/_3**)
d'peb (ﬁ**,/_}**) < 2a,d'pep (ﬁ**,/_}**)

d,pcb (ﬁ**r/_;**) < Zald’pcb (ﬁ**rﬁ )
(1 -2a)d' e (ﬁ/_z) <0
= d' e (ﬁ/_z) =0

o = /_3**

Hence, for P and Q common unique fixed point is ™"
lll. CONCLUSIONS

In present paper, some fixed point theorems are proved
on partial cone b-metric space by using the new
contractive condition. This extends the result of Lu Shi
and Shaoyuan Xu [21]. Here, we get the unique fixed
point for single as well as for the pair of weakly
compatible mappings.
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