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ABSTRACT: In present work, we prove some fixed point theorems which satisfy the new contractive 

condition on the Partial Cone b-Metric Space with normal cone. These theorems are an extension of work 

proved by Lu Shi and Shaoyuan Xu in the paper –A common unique fixed point theorem for two weakly 

compatible self-mapping on cone b-metric space published in Fixed Point Theory and Application, v.1, N.20, 

2013, pp.1-11. 
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I. INTRODUCTION 

Theory of fixed point plays an important role in various 

disciplines. This theory has been received more 

attention because of its broad applications in area of 

applied as well as in pure mathematics. Theory of the 

fixed point is a major tool to find the solution of 

existence and uniqueness. A mathematician Banach [1] 

proved a theorem named Banach Contraction Principle 

in 1922, which ensures the suitable conditions for 

uniqueness and existence of fixed points. The 

generalization of usual metric space named as the b-

metric space which was presented by Bakhtin [2] and 

Czerwik [3] in 1989. 

Steve G Matthew [4] proposed the partial metric space 

in 1994 and proved Banach contraction theorem under 

the conditions of partial metric space. 

Huang and Zhang [5] proposed a cone metric space in 

2007. This is generalisation of metric space. In this type 

of metric space, distance between the two elements m 

and n is defined over a vector in the Banach space E 

whereas the distance of two elements is a non negative 

real number. Recently, in the cone metric space 

existence of fixed point is considered [6-9]. The 

generalization of cone and partial metric space was 

proposed by Ayse Sonmez [10] in 2011 as partial cone 

metric space. Hussain and Shah [11] established the of 

cone b-metric space idea in 2011, which is the 

combined form of the b-metric and cone metric space. 

Some results were given by Huang and Xu [12] on basis 

of cone b-metric spaces for contractive mappings. 

In 2014, Satish Shukla [13] proposed the partial b-metric 
space and by using Kannan type mapping, Banach 
Contraction theorem was proved under partial b-metric 
space conditions. 
Very recently in 2016, Fernandez et al., [14] proposed 
the idea of partial b-cone metric space which is a 
generalization of cone, b-metric and partial metric 
space. In the present work, we prove some new fixed 
point theorems for partial cone b-metric space under 

new contractive condition for single as well as for pair of 
weakly compatible mapping. 
 
Definition 1.1 [22] Let F be the subset of real Banach 

space E. Let � is represented as the zero element of E 

and interior F by the int. F. Then subset F is known as 

cone iff 

(i) � ≠ ∅, closed and � ≠ ���; 
(ii) 	, � ∈ ℝ, 	, � ≥ 0, �, � ∈ � ⇒ 	� + �� ∈ �; 
(iii) � ∩ �−�� = ��� 
On this basis, a relation ≼  w.r.t. F is defined by � ≼� which is partial order relation iff       � − � ∈ �. To 

indicate � ≼ � we write � ≺ � but when � ≠ �, then � ≼ � 

indicates the � − � ∈ int �. Write norm as ‖ . ‖ on E then 

F is known as the normal cone if there is a number  > 0 s.t. ∀ �, � ∈ #, � ≼ � ≼ � implies that ‖�‖ ≤  ‖�‖. 
The least positive number L satisfying the above is 

known as the normal constant of F where  ≥ 1. 
We know that cone F in Banach space E with int � ≠ ∅ 

and ≼  is a partial order relation w. r. t. F. 

Definition 1.2 [15] Let Y≠ ∅ and a function &'(: * × * →#  is known as the cone metric when it satisfied the 

below conditions: 

(i) � < &'(�	.', �.'�  ∀ 	.', �.' ∈ * 

(ii) &'(�	.' , �.'� = � �// 	.' = �.' 
(iii) &'(�	.' , �.'� = &'(��.', 	.'� 
(iv) &'(�	.' , 0.'� ≤ 1&'(�	.',�.'� + &'(��.' , 0.'�2 ;   ∀  	.', �.', 0.' ∈ * 

Then the pair (Y,&'() is known as the cone metric space. 

Definition 1.3 [22] Let Y≠ ∅  and t is a non-zero +ve 

real number. A function &'(3: * × * → # is known as the 

cone b-metric when it satisfies the following axioms: 

(i) � < &'(3�4.', 45'�  ∀  4.', 45' ∈ * 

(ii) &'(3�4.', 45'� = � �// 4.' = 45' 
(iii) &'(3�4.', 45'� = &' (3�45', 4.'� 

e
t
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(iv) &'(3�4.', 46'� ≤ 71&' (3�4.', 45'� + &'(3�45', 46'�2  ;   ∀  4.' , 45', 46' ∈ * 

Then, the pair (Y,&'(3) is known as the cone b-metric 

space. 

Definition 1.4 [15] Let Y≠ ∅  and a function &' 8: * × * →9:is partial-metric when it satisfies the below conditions: 

(i) 4.'' = 45'' ⟺ &'8�4.'', 4.''� = &'8�4.'', 45''� =                 &'8�45'', 45''� 
(ii) &'8�4.'' , 4.''� ≤ &'8�4.'', 45''� 
(iii) &'8�4.'' , 45''� = &'8�45'', 4.''� 
(iv) &'8�4.'' , 45''� ≤ &'8�4.'', 46''� + &'8�46'', 45''� −&'8�46'', 46''� 
Then the pair (Y,&'8) is known as the partial metric 

space. 

Definition 1.5 [21] Let * ≠ ∅ and t be a +ve integer. A 

function &' 83: * × * → 9:is known as partial b-metric 

when it satisfies the following axioms:  ∀ /.'', /5'', /6'' ∈ * 

(i) /.'' = /5'' ⇔ &'83�/.'', /.''� = &'83�/.'', /5''� = &' 83�/5'', /5''� 
(ii) &'83�/.'', /.''� ≤ &'83�/.'', /5''� 
(iii) &'83�/.'', /5''� = &'83�/5'' ,/.''� 
(iv) &'83�/.'', /6''� + &'83�/5'', /5''� ≤            7=&'83�/.'', /5''� + &'83�/5'', /6''�>   ;    
Then the pair (Y,&'83) is partial b-metric space. 

Definition 1.6 [15] Let Y≠ ∅  and a function &'8(: * ×* → # known as the partial cone metric when it satisfies 

the below axioms: 

(i) ?.' = /.' ⇔ &'8(�?.' , ?.'� = &'8(�?.', /.'� = &' 8(�/.', /.'�  ∀  ?.', /.' ∈ * 

(ii) � ≤ &' 8(�?.', ?.'� ≤ &' 8(�?.', /.'� 
(iii) &'8(�?.', /.'� = &'8(�/.' , ?.'� 
(iv) &'8(�?.', @.'� + &'8(�/.', /.'� ≤ A&'8(�?.' , /.'� +&'8(�/.', @.'� B   

;   ∀  ?.', @.', /.' ∈ * 

Then (Y,&'8() is known as partial cone metric space. 

Theorem 1.1 [10] Let (X,&'8() is partial cone metric 

space and F is the normal cone with constant L. Leta 

sequence �CD� for X. Then �CD� converge to x iff &'8((CD , C� → &'8(�C, C� as G → ∞ 

Sonmez [10] also mentioned that if (X,&'8() is the partial 

cone metric space and normal cone F with normal 

constant L and &' 8(CD ,C� → &' 8(�C, C� as G →∞, then &'8(CD , CD� → &'8(�C, C�. 
Definition 1.7 [14] Let * ≠ ∅  and 7 ≠ 0. Define a 

function &'8(3: * × * → # is partial cone b-metric when it 

satisfies the below conditions: � ≤ &' 8(3�/.∗, /.∗� ≤ &' 8(3�/.∗, /5∗� ; ∀ /.∗, /5∗ ∈ * 

(i) /.∗ = /5∗ ⇔ &'83�/.∗, /.∗� = &' 83�/.∗, /5∗� 
= &'83�/5∗, /5∗� 

(ii) &'8(3�/.∗, /5∗� = &'8(3�/5∗, /.∗� 
(iii) &'8(3�/.∗, /6∗� ≤ 7 A&'8(3�/.∗, /5∗� + &'8(3�/5∗, /6∗� B 

−&'8(3�/5∗, /5∗�;   ∀ /.∗ , /5∗, /6∗ ∈ * 

Then (Y,&'8(3) be the partial cone b-metric space and it 

is the generalisation of b-metric, cone metric and partial 

metric space. 

Definition 1.8 [14] Let(Y,&'8(3) is partial cone b-metric 

space and a sequence �LM� is known as convergent in Y 

and L ∈ * if for every N ∈ �, there is a +ve integer 

N, &'8(3�LM, L� ≪ N + &'8(3�L, L� then sequence �LM� 
converges to y and this point is known as limit point of 

sequence �LM� and it is represented as limM→R�LM� = L. 

Definition 1.9 [14] Let a partial cone b-metric space 

(Y,&'8(3) and a sequence �LM� is known as the Cauchy 

sequence if there is S ∈ � such that /or every ∈ > 0, there is  Z&'8(3�LM, L[� − SZ < ∈ when 	, � → ∞. 

Definition 2.0 [14] Let (Y,&'8(3) be the partial cone b-

metric space then it is called as complete if every 

Cauchy sequence converges in this space. 

II. MAIN RESULT 

In this portion, the main purpose is to show some fixed 

point theorems for single as well as for the pair of 

weakly compatible mapping on partial cone b-metric 

space.  

Example 2.1 Let # = 9, � = ��@M∗� ∈ # ∶ @M∗ ≥ 0, ∀ � ≥1�. Let a function &'8(3: * × * → # is defined by &'8(3�@∗, ℎ∗� = ∑ �|@M∗ − ℎM∗|8�./8[Ma. . Now we conclude 

that (Y,&' 8(3) be the partial cone b-metric space 

where b ≥ 1. 

&'8(3�@∗, ℎ∗� = c�|@M∗ − ℎM∗|8�./8[
Ma.  

(i) |@M∗ − ℎM∗| ≥ � |@M∗ − ℎM∗|8 ≥ � 

c�|@M∗ − ℎM∗|8�de
[

Ma. ≥ � 

&'8(3�@∗, ℎ∗� ≥ � 

When we take @M∗ = ℎM∗ 

Then, we get  |@M∗ − @M∗| ≥ � |@M∗ − @M∗|8 ≥ � 

c�|@M∗ − @M∗|8�de
[

Ma. ≥ � 

&'8(3�@∗, @∗� ≥ � 

So, � ≤ &'8(3�@∗, @∗� ≤ &' 8(3�@∗, ℎ∗� 

(ii) @∗ = ℎ∗ ⇔ &∗8(3�@∗, @∗� = &∗8(3�@∗ , ℎ� = &'8(3�ℎ∗, ℎ∗� 
c�|@M∗ − @M∗|8�./8[
Ma. = c�|@M∗ − ℎM∗|8�./8[

Ma.
= c�|ℎM∗ − ℎM∗|8�./8[

Ma.  

� = c�|@M∗ − ℎM∗|8�./8[
Ma. = � 
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�|@M∗ − ℎM∗|8�./8 = � |@M∗ − ℎM∗| = � ⟺ @M∗ = ℎM∗ ⟺ @∗ = ℎ∗ 

(iii)   &'8(3�@∗, ℎ∗� = ∑ �|@M∗ − ℎM∗|8�./8[Ma.  

               = c�|�−ℎM∗ + @M∗�|8�./8[
Ma.  

             = c�|ℎM∗ − @M∗|8�./8[
Ma.  

          = &'8(3�ℎ∗, @∗� 
(iv)   Let @∗, ℎ∗, �∗ ∈ * then, 

&'8(3�@∗, ℎ∗� = c�|@M∗ − ℎM∗|8�./8[
Ma.  

Since, �4∗∗ + f∗∗�8 ≤ �2 max�4∗∗, f∗∗��8 ≤ 28�|4∗∗|8 +|f∗∗|8� ∀ 4∗∗, f∗∗ ≥ 0 

Let 	∗∗ = �@M∗ + �M∗ − �M∗� and @M∗ − ℎM∗ = 	∗∗ + �∗∗ 
Then, �|@M∗ − ℎM∗|�8 ≤ �|	∗∗ + �∗∗|�8 ≤ �|	∗∗| + |�∗∗|�8 

 ≤ 28 ic|	∗∗|8 + c|�∗∗|8j 

≤ 28 ic|	∗∗|8 + c|�∗∗|8jde
 

≤ �28 c |	∗∗|8 + 28 c |�∗∗|8�de
 

≤ �28 c|@M∗ + �M∗ − �M∗|8
+ 28 c|�M∗ − �M∗
− ℎM∗|8�de ≤ i28 c|@M∗ + �M∗ − �M∗ + �M∗ − �M∗
− ℎM∗|8jde

 

≤  28 kc�|@M∗ − �M∗|8�de
[

Ma. + c�|�M∗ − ℎM∗|8�de
[

Ma.
− c�|�M∗ − �M∗|8�de

[
Ma. l 

 ≤ 28=&'8(3�@∗, �∗� + &' 8(3��∗, ℎ∗�− &'8(3��∗, �∗�2 mf b ≥ 1 

 ≤ 28=&'8(3�@∗, �∗� + &'8(3��∗, ℎ∗�>− &' 8(3��∗, �∗� 

Since, all conditions of partial cone b-metric space have 

been satisfied. So (Y,&'8(3) is a partial cone b-metric 

space. 

Example 2.2 : Let # = 95 and � = ��ℎ.∗, ℎ5∗� ∈#; ℎ.∗,  ℎ5∗ ∈ 9� and * = 9 then a function &'8(3: Y×Y → 

E by 

 &' 8(3�ℎ.∗ , ℎ5∗� = max �ℎ.∗, ℎ5∗�. Now we conclude that 

(Y,&'8(3� is partial cone b-metric space.  

Proof: Let n*, &'8(3o is a partial cone b-metric space 

with coefficient 7 ≥ 1. Let ℎ.∗, ℎ5∗, ℎ6∗ ∈ Y be an arbitrary 

point, then 

(i) &' 8(3�ℎ.∗, ℎ5∗� = max �ℎ.∗, ℎ5∗�  max �ℎ.∗, ℎ5∗� ≥ �   

 max �ℎ.∗, ℎ.∗� ≥ � 

then,  � ≤ &' 8(3�ℎ.∗, ℎ.∗� ≤ &'8(3�ℎ.∗, ℎ5∗� 
  

(ii) &'8(3�ℎ.∗, ℎ5∗�  = max �ℎ.∗, ℎ5∗� &'8(3�ℎ.∗, ℎ.∗� = &'8(3�ℎ.∗, ℎ5∗� = &'8(3�ℎ5∗, ℎ5∗� ⟺ ℎ.∗ = ℎ5∗ max�ℎ.∗ , ℎ.∗� = max�ℎ.∗, ℎ5∗� = max �ℎ5∗, ℎ5∗� ℎ.∗ = max�ℎ.∗ , ℎ5∗� = ℎ5∗ ⟺ ℎ.∗ = ℎ5∗ 

(iii) &' 8(3�ℎ.∗, ℎ5∗�  = max �ℎ.∗, ℎ5∗� = max �ℎ5∗, ℎ.∗�  

 = &'8(3�ℎ5∗, ℎ.∗� 
(iv) &'8(3�ℎ.∗, ℎ6∗�   = max �ℎ.∗, ℎ6∗� = max�ℎ.∗, ℎ6∗� + max�ℎ5∗, ℎ5∗� − max �ℎ5∗, ℎ5∗� 

 ≤ max�ℎ.∗, ℎ5∗� + max�ℎ5∗, ℎ6∗� − max�ℎ5∗, ℎ5∗� 
 ≤ 71max�ℎ.∗, ℎ5∗� + max�ℎ5∗, ℎ6∗� − max�ℎ5∗, ℎ5∗�2  1since 7 ≥ 12 ≤ 71max�ℎ.∗ , ℎ5∗� + max�ℎ5∗, ℎ6∗�2 − max�ℎ5∗, ℎ5∗� 

 ≤ 71&'8(3�ℎ.∗, ℎ5∗� + &' 8(3�ℎ5∗ , ℎ6∗�2 − &'8(3�ℎ5∗, ℎ5∗� 
Therefore, all four conditions are satisfied and so 

(Y,&'8(3) is a partial cone b-metric space. 

Theorem 2.1 Let (W,&'8(3) is partial cone b-metric 

space with constant7 ≥ 1 and F is the normal cone and 

W is a self-mapping q: * → * and r ∈ s .t:. , 1j such that &'8(3�qb∗, qu∗�  ≤ 

r maxv &'8(3�b∗, qb∗�, &'8(3�u∗, qu∗�,&'8(3�b∗, qu∗� + &'8(3�u∗, qb∗�27 w 

  ∀ b∗, u∗ ∈ *   
Then q has a common unique fixed point. 

Proof: We start with initial point �x in Y s. t., 

 �x ≠ q��x� 
Then we construct a sequence ��y� in Y, we get �. = q�x, �5 = q�., �6 = q�5, …….., �y:. = q�y ∴     &'8(3��y, �y:.� = &'8(3�q�y{. , q�y� 

 

≤ r maxv &'8(3��y{., q�y{.�, &'8(3��y, q�y�,&'8(3��y{. , q�y� + &'8(3��y , q�y{.�27 w 

≤ r max v &' 8(3��y{., �y�, &' 8(3��y, �y:.�,&'8(3��y{., �y:.� + &'8(3��y , �y�27 w 

≤ r max
|}~
}� &' 8(3��y{., �y�, &' 8(3��y, �y:.�,7&'8(3��y{., �y� + 7&' 8(3��y , �y:.�−&'8(3��y, �y� + &' 8(3��y, �y�27 �}�

}�
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≤ r max v &'8(3��y{., �y�, &'8(3��y, �y:.�,&'8(3��y{., �y� + &'8(3��y, �y:.�2 w 

&' 8(3��y , �y:.� ≤ r max�&'8(3��y{. , �y�, &'8(3��y, �y:.�� 
if  max�&' 8(3��y{., �y�, &' 8(3��y, �y:.�� = &' 8(3��y, �y:.� 

then &' 8(3��y, �y:.� ≤ r&'8(3��y, �y:.� it is a 

contradiction, 

then, &'8(3��y , �y:.� ≤ r&'8(3��y{. , �y�   ≤ r5&'8(3��y{5, �y{.� 

Similarly, we get &' 8(3��y, �y:.� ≤ ry&'8(3��x, �.� 
Now we show that  &'8(3��y, �y� = � &' 8(3��y , �y� = &' 8(3�q�y{., q�y{.� 
 

 ≤ r max v &' 8(3��y{. , q�y{.�, &'8(3��y{. , q�y{.�,&'8(3��y{., q�y{.� + &'8(3��y{., q�y{.�27 w 

 

≤ r max v &' 8(3��y{., �y�, &' 8(3��y{., �y�,&'8(3��y{., �y� + &'8(3��y{., �y�27 w 

≤ r max�&'8(3��y{., �y�, &'8(3��y{. , �y�� 
So, &'8(3��y ,�y� ≤ ry&'8(3��x, �.� 
As we take limit f → ∞, we get &'8(3��y, �y� = � 

Now, let r and s be two positive integers, 4 < f &'8(3��� , �y� ≤ 7=&'8(3n�� , ��:.� + &' 8(3���:. , �yo> −&'8(3���:., ��:.� &'8(3���, �y�  ≤ 7&'8(3��� , ��:.� +75&'8(3���:., ��:5� + ⋯ … +7y{�&'8(3��y{. , �y� 
&' 8(3��� , �y� ≤  ���

�� 7r�&'8(3��x, �.� +75r�:.&'8(3��x, �.� + … … +7y{�ry{.&'8(3��x, �.����
�� 

&'8(3��� , �y� ≤ 7r� � 1 + 7r + 75r5+ ⋯ … . 7y{�{.ry{�{.� &' 8(3��x, �.� 
&'8(3���, �y�    ≤ 7r�1 − r7 &'8(3��x, �.� 

∴  &' 8(3��� , �y� ≤  7r�1 − r7 &' 8(3��x, �.� 
Since F is a normal cone. 

Therefore, Z&'8(3���, �yZ ≤ t��.{�t &'8(3��x, �.�  →� as   4 → ∞ 

As &' 8(3��� ,�y� → � Sf 4, f → ∞ 

Hence, sequence ��y� is Cauchy sequence in Y. 

By completeness, there exist a point �∗ which belongs 

to Y. 

Since, ��y� converge to �∗ as f → ∞ limy→R &'8(3��y, �∗� = &'8(3��∗, �∗� = limy→R &' 8(3��y, �y� = � 

Now, we need to proof that �∗ be the fixed point of q. ∴ &'8(3��∗, q�∗� ≤ 7&' 8(3��∗, q�y� +7&'8(3�q�y , q�∗� −&'8(3�q�y, q�y� &'8(3��∗, q�∗� ≤ 7&'8(3��∗, q�y� 
+r max v &'8(3��y, q�y�, &'8(3��∗, q�∗�,&' 8(3��y, q�∗� + &' 8(3��∗, q�y�27 w 

&'8(3��∗, q�∗� ≤ 7&' 8(3��∗, �y:.� 

+r max v&'8(3��y, �y:.�, &'8(3��∗, q�∗�,&'8(3��∗, q�∗� + &' 8(3��∗, �∗�27 w 

&' 8(3��∗, q�∗� ≤ 7&'8(3��∗, �y:.� + r&'8(3��∗, q�∗� &'8(3��∗, q�∗� ≤ r&'8(3��∗, q�∗� �1 − r�&'8(3��∗,q�∗� ≤ � &'8(3��∗, q�∗� = �  as f → ∞ 

So, W�∗ = �∗ 
Hence,�∗ is fixed point of W. 

Now, we show uniqueness 

Let �∗ is another common fixed point of W. 

So,  �∗ = q�∗ 
Then,&'8(3��∗, �∗� = &'8(3�q�∗, q�∗� 
&'8(3��∗,�∗� ≤ r max v &' 8(3��∗, q�∗�, &'8(3��∗, q�∗�,&'8(3��∗, q�∗� + &'8(3��∗, q�∗�27 w 

&'8(3��∗, �∗� ≤  r maxv &'8(3��∗, �∗�, &'8(3��∗, �∗�,&'8(3��∗, �∗� + &'8(3��∗, �∗�27 w 

&'8(3��∗, �∗� ≤ r max v&' 8(3��∗, �∗�, &'8(3��∗, �∗�,2 &'8(3��∗, �∗�27 w 

&'8(3��∗, �∗� ≤ r &'8(3��∗, �∗�7  

�1 − r7� &'8(3��∗, �∗� ≤ � 

&'8(3��∗, �∗� = � implies        �∗ = �∗ 

Hence, �∗ is the common unique fixed point of W. 

Example 2.3 Let # = 95 and (W,&'8(3� be the complete 

partial cone b-metrics space and coefficient 7 ≥ 1 and r ∈ s .t:. , 1j.  Then function defined by q: � → # 

q�4∗� = �− 5 3   �/  4∗� �−∞, −1�
− 12   �/  4∗� 1−1,0� � 

and &' 8(3�4∗, f∗� = max�4∗, f∗� 
Proof : By inequality of above theorem &'8(3�q4∗, qf∗�

≤ r max v &' 8(3�4∗ , q4∗�, &' 8(3�f∗, qf∗�,&'8(3�4∗, qf∗� + &' 8(3�f∗, q4∗�27 w 

Then, let 4∗ = − � 6    and     f∗ = − .5 

&'8(3 �q �− 5 3 � , q �− 12��

≤ r max
|}
}}
~
}}}
�&'8(3 �− 5 3 , q �− 5 3 �� ,

&' 8(3  − 12 , q �− 12�¡ ,
&'8(3 �− � 6 , q i− .5j� +

&'8(3 �− .5 , q i− � 6j�27 �}
}}
�
}}}
�
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&' 8(3 �− 5 3  , − 12�
≤ r max

|}~
}�&'8(3 �− 5 3  , − 5 3 � , &' 8(3 �− 12 , − 12� ,&'8(3 i− � 6 , − .5j + &'8(3 i− .5 , − � 6j27 �}�

}�
 

max�− 5 3  , − 12�
≤ r max

|}~
}�max �− 5 3  , − 5 3 � , max�− 12 , − 12� ,max i− � 6 , − .5j + max i− .5 , − � 6j27 �}�

}�
 

− 12 ≤ r max v− 53 , − 12 , − .5 + − .527 w 

− 12 ≤ r max ¢− 53 , − 12 , −1 27 £ − 12 ≤ − r27 
So, the above inequality satisfied by 7 ≥ 1 and r ∈s .t:. , 1j. 

Theorem 2.2 Let P and Q be the two self-

mappings ¥, ¦: * → * and (Y, &' 8(3) is partial cone b-

metric space with 7 ≥ 1 and  normal cone F and r ∈ s .t:. , 1j s.t. 

(i) ¦�*� ⊆ ¥�*� and the closed subset of Y is 

P(Y). 

(ii) Pair (P, Q) be the weakly compatible mapping. 

(iii) &'8(3�¦¨, ¦L� ≤ S. A&'8(3�¥¨, ¦L� +&'8(3�¦¨, ¥L� B +S5&'8(3�¥¨, ¦¨� + S6&'8(3�¥L, ¦L�   ∀ ¨, L ∈ *  
and 2S. + S5+S6 ≤ 1 for some constants S., S5, and S6. 

Then, P and Q have a unique common fixed point. 

Proof:  Let Lxis any point in Y and then we can choose 

a point L. of Y s.t. ¨x = ¦�Lx� = ¥�L.� and ¨. = ¦�L.� = ¥�L5� 

In general, there ∃ a sequence �¨y� such that, ¨y = ¦�Ly� = ¥�Ly:.� /04 f = 0,1,2 …. 
Now, we show that �¨y� is a cauchy sequence. 

Now,  &' 8(3�¨y  , ¨y:.� = &'8(3�¦Ly , ¦Ly:. �                   ≤ S.=&'8(3�¥Ly , ¦Ly:.� + &' 8(3�¦Ly , ¥Ly:.�> +S5&'8(3�¥Ly , ¦Ly� +S6&'8(3�¥Ly:., ¦Ly:.�                ≤ S.=&'8(3�¨y{., ¨y:.� + &'8(3�¨y, ¨y�> +S5&'8(3�¨y{., ¨y� +S6&'8(3�¨y, ¨y:.� 

               ≤ S. A7&'8(3�¨y{., ¨y� + 7&'8(3�¨y, ¨y:.�−&'8(3�¨y, ¨y� + &'8(3�¨y, ¨y � B +S5&�¨y{., ¨y� +S6&'8(3�¨y, ¨y:.� 

≤ S. A7&'8(3�¨y{., ¨y� +7&'8(3�¨y , ¨y:.� B +S5&'8(3�¨y{., ¨y� +S6&'8(3�¨y, ¨y:.� ≤ �7S. + S5�&' 8(3�¨y{., ¨y� +�7S. + S6�&'8(3�¨y, ¨y:.� �1 − �7S. + S6��&'8(3�¨y, ¨y:.�≤ � 7S. + S5� &'8(3�¨y{., ¨y� 

&'8(3�¨y, ¨y:.� ≤ A �7S.+ S5��1 − �7S. + S6��B &' 8(3�¨y{., ¨y� &'8(3�¨y, ¨y:.� ≤ r &'8(3�¨y{., ¨y� 
where  r = s �tªd: ª«��.{�tªd:ª¬��­ < 1 &'8(3�¨y, ¨y:.� ≤ r &'8(3� ÿ{., ¨y�   ≤ r5&'8(3�¨y{5, ¨y{.� 

Similarly, we get &'8(3�¨y, ¨y:.� ≤ ry&'8(3�¨x, ¨.� 
Let r and s be two positive integers, 4 < f 

then,  &'8(3�¨� , ¨y� ≤ 71&'8(3�¨� , ¨�:.� + &' 8(3�¨�:. , ¨y�2 −&'8(3�¨�:., ¨�:.� &'8(3�¨� , ¨y� ≤ 7&' 8(3n¨� , ¨�:.� + 75&' 8(3�¨�:., ¨�:5o + ⋯ … … . . +7y{�&'8(3�¨y{., ¨y� −&'8(3�¨�:., ¨�:.� − &'8(3�¨�:5, ¨�:5� − ⋯ … … … … − &' 8(3�¨y{., ¨y{.� &'8(3�¨�, ¨y� ≤  17r�&'8(3�¨x, ¨.� + 75r�:.&'8(3�¨x, ¨.� + ⋯ … … … +  7y{�ry{.&'8(3�¨x, ¨.�2 
− c &'8(3�¨�:[ , ¨�:[�y{�{.

[a.  

&' 8(3�¨� , ¨y� ≤ 7r� ® 1 + 7r +75r5 +… … +7y{�{.ry{�{.¯ &' 8(3�¨x, ¨.� 

− c &'8(3�¨�:[ , ¨�:[�y{�{.
[a.  

&'8(3�¨�, ¨y�    ≤ 7r�1 − r7 &' 8(3�¨x, ¨.� 
− c &'8(3�¨�:[ , ¨�:[�y{�{.

[a.  

Now we show that &'8(3�¨y, ¨y� = � &'8(3�¨y, ¨y� = &'8(3�¦Ly , ¦Ly� 
&'8(3�¨y, ¨y� ≤ S. A&'8(3�¥Ly , ¦Ly� +&' 8(3�¦Ly , ¥Ly� B +S5&'8(3�¥Ly , ¦Ly� +S6&'8(3�¥Ly , ¦Ly� &'8(3�¨y, ¨y� ≤ S.=&'8(3�¨y{. , ¨y� + &' 8(3�¨y, ¨y{.�> +S5&'8(3�¨y{., ¨y� + S6&'8(3�¨y{., ¨y� &'8(3�¨y, ¨y� ≤ 2S.=&'8(3�¨y, ¨y{.�> +S5&'8(3�¨y{., ¨y� +S6&'8(3�¨y{., ¨y� &'8(3�¨y, ¨y� ≤ �2S. + S5 + S6�&'8(3�¨y{., ¨y� &'8(3�¨y, ¨y� ≤ ry&'8(3�¨x, ¨.� 
By taking limit f → ∞ 

Then, we get &'8(3�¨y, ¨y� = � 

where r = 2S. + S5 + S6 

Hence, lim�→R ∑ &'8(3�¨�:[, ¨�:[�y{�{.[a. = �            
∴  &' 8(3�¨�, ¨y� ≤  7r�1 − r7 &'8(3�¨x, ¨.� 

Since F is normal cone. 

Therefore, Z&'8(3�¨� ,¨y�Z ≤ t��.{�t &'8(3�¨x, ¨.�  →� as   4 → ∞ 

As &'8(3�¨�, ¨y� → � as 4, f → ∞  
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implies &'8(3�¨�, ¨y� → � as 4, f → ∞ 

Hence, sequence �¨y� is a Cauchy sequence in Y. 

By completeness, there exist a point °∗∗
 which belongs 

to Y. 

Since, �¨y� converges to °∗∗
 as s→ ∞ 

Therefore limy→R ¨y = limy→R ¦Ly = limy→R ¥Ly:. = °∗∗
 limy→R &'8(3n¨y, °∗∗o = &'8(3n°∗∗, °∗∗o = limy→R &'8(3�¨y , ¨y�= � 

Since, P(Y) is closed, then there exist ±∗∗  which belongs 

to Y. 

such that, P±∗∗ = °∗∗
 

Now, we show that Q±∗∗ = °∗∗
 &'8(3n¨y, ¦±∗∗o = &' 8(3n¦Ly, ¦±∗∗o 

&'8(3n°∗∗, ¦±∗∗o ≤ S. A&'8(3n¥Ly , ¦±∗∗o +&'8(3n¦Ly , ¥±∗∗o B 
+S5&'8(3�¥Ly , ¦Ly� + S6&'8(3n¥±∗∗, ¦±∗∗o &'8(3n°∗∗, ¦±∗∗o ≤ S.&'8(3n°∗∗, ¦±∗∗o +S6&'8(3n°∗∗ , ¦±∗∗o       �1 − S.−S6�&'8(3n°∗∗, ¦±∗∗o ≤ � &' 8(3n°∗∗, ¦±∗∗o = � 

So, Q±∗∗ = °∗∗
 

Since, pair (P,Q) is weakly compatible mapping. ∴    ¥¦±∗∗ = ¦¥±∗∗
 ⟹ ¥°∗∗ = ¦°∗∗

 

Now, show that ¦°∗∗ = °∗∗
. 

As  &'8(3n¥Ly:., ¦°∗∗o = &'8(3n¦Ly , ¦°∗∗o 

&'8(3n°∗∗, ¦°∗∗o ≤ S. A&' 8(3n¥Ly , ¦°∗∗o +&'8(3n¦Ly , ¥°∗∗o B 
+S5&'8(3�¥Ly , ¦Ly� +S6&'8(3n¥°∗∗, ¦°∗∗o 

&'8(3n°∗∗, ¦°∗∗o ≤ S. A&'8(3n°∗∗, ¦°∗∗o +&'8(3n°∗∗, ¦°∗∗o B 
+S5&'8(3n°∗∗,°∗∗o +S6&'8(3n¦°∗∗, ¦°∗∗o &'8(3n°∗∗, ¦°∗∗o ≤ 2S.&'8(3n°∗∗, ¦°∗∗o �1 − 2S.�&' 8(3�°∗∗, ¦°∗∗� ≤ � ⟹ &' 8(3n°∗∗, ¦°∗∗o = � ¦°∗∗ = °∗∗

 

Similarly, we get, ¥°∗∗ = °∗∗
 ⟹ °∗∗ = ¥°∗∗ = ¦°∗∗

 

So, °∗∗
 is common fixed point of P and Q two self 

mappings. 

Now, we show uniqueness: 

Let another fixed point L∗∗
of P and Q. 

therefore,  �∗∗ = ¥�∗∗ = ¦�∗∗
 

Then,&'8(3 i°∗∗, �∗∗j = &' 8(3 i¦°∗∗, ¦�∗∗j 

&'8(3 i°∗∗, �∗∗j ≤ S. ³ &' 8(3 i¥°∗∗, ¦�∗∗j+&' 8(3 i¦°∗∗, ¥�∗∗j´ 
+S5&'8(3n¥°∗∗, ¦°∗∗o +S6&'8(3 i¥�∗∗, ¦�∗∗j &' 8(3 i°∗∗, �∗∗j ≤ S. s&' 8(3 i°∗∗, �∗∗j + &'8(3 i°∗∗,�∗∗j­ +S5&'8(3n°∗∗,°∗∗o 

+ S6&'8(3 i�∗∗ , �∗∗j &'8(3 i°∗∗, �∗∗j ≤ 2S.&'8(3 i°∗∗, �∗∗j &'8(3 i°∗∗, �∗∗j ≤ 2S.&'8(3 i°∗∗, �∗∗j �1 − 2S.�&'8(3 i°∗∗, �∗∗j ≤ � ⟹ &'8(3 i°∗∗, �∗∗j = � °∗∗ = �∗∗
 

Hence, for P and Q common unique fixed point is °∗∗
. 

III. CONCLUSIONS 

In present paper, some fixed point theorems are proved 

on partial cone b-metric space by using the new 

contractive condition. This extends the result of Lu Shi 

and Shaoyuan Xu [21]. Here, we get the unique fixed 

point for single as well as for the pair of weakly 

compatible mappings. 
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